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o Ordinary Differential Eqs.  15%
o Maclaurin Series 15%
o Numerical Methods 5%
o Limits 5%
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1.1 Antidifferentiation

In this course we introduce integration as the inverse of differentiation.

Given the derivative of some unknown function, what can you say
about that function?

That is,

Given that Z—y = f(x), then what can be said about y(x)?
g
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1.1 Antidifferentiation

For a given f(x), F(x) is an antiderivative of f(x) on the interval I if
d

%F(x) = f(z) forxel.

1
The function gzn?’ is an antiderivative of 2 (on R).

i) If F(x) is an antiderivative of f(x) on the interval I, then
F(z) + c is also an antiderivative for any constant c.

ii) Any antiderivative of f(x) can be written F'(z) + d for some
constant d.
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1.1 Antidifferentiation

Antiderivatives of cosz and z~ 1.
/cos:cd:v = sinz+c (SI 3)
1
/d:): = loglz|+ ¢ (SI'8)
5

Refer to the list of standard integrals (SI) in Chapter 6 (p 69).

Verify SI 9, de = sin~! (f) e, a>0.
a

| o=

Verify some of the remaining standard integrals, especially SI 1.
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1.2 Basic properties of integration

Integration is linear (the statements below should be interpreted as
addition of equivalence classes)

) [ (@) +9@) da = [ f@)do+ [ g(o) da.
ii) For a constant k, /kf(ac) dx :k/f(ac) dx.

Using SI 1, SI 4 and SI 10 (p 69 in Chapter 6)
i) Integration of a constant, fk:dx.

ii) Integration of powers of z,
a) [(z*+3yz —5)dx.
b) [ <3SGC2$— ) @i

_4
244
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1.2 Basic properties of integration

Example (using antidifferentiation to solve an ordinary differential eqn)

Given z € (0,00) and
Py 4 1

dz? 13 x2’

where y/(1) = 0 and y(1) = 0 find y(z).

i) Integration of powers of x,
2) [ VEQ? +2)dr,
b) [ 4= da,
) [ (o+3)" dw

1
i) What is /_da:?
1-+sinz
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1.3 The px + q rule

Theorem (The px + q rule)

Let p, q be constants with p # 0. Suppose F(x) is the antiderivative
of f(z), then

/f(p:r+q)d:v = ;F(px+q) +c.

Example (Applications of the ‘px + ¢’ rule)

1
0 [ ot
i) /cos(3a:+4) dx oz=+ 16
v) /COSQJ}d:E

1 vi) /sinSxda:
) [ o

N

e vii) /e4xdac

i) /sec2(7x —3)dx




1.3 The px + q rule

In general we have,

Lemma

1 1
/cospxdazzsinpx—kc, /sinpxdaz:—cospx+c,
p p

1
/epx de = —eP* +c.
b

Example (Further examples of the ‘px + ¢’ rule)

i) /(3x+7)4dx ) /5_13 "
ii)/(5_12$)2dm V)/x—li—2dx
i) /(m+4)7dx vi) [2%dx
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1.4 Integration of squares of trigonometric functions

) [cos?xdr =iz + tsin2z +e,
i) [sinzde=1z—1

i) [tan?xdr =tanz — 1z + c.

sin 2z + c,

Example (Using trigonometric identities and the ‘pz + ¢’ rule)

) / tan2(3z) dz
i) / sin?(2x) dx

1
d
i) /1+cosx o
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1.5 Completing the square
1

Integration of - - =
& irreducible quadratic

. 1
I) fx2+63:+13 dx

i) | wreryde )
1

——— with quadratic term —x2.
v/quadratic q

- 1

) | e de

i) | Frae=z 4o

Integration of
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